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Introduction

• Calderbank and Sloane : Codes over Zp → Zpe → Zp∞

• Hamming code [8, 4, 5]2∞ , Golay code [24, 12, 13]2∞ , [12, 6, 7]3∞ :
Self-dual and MDS.

• Dougherty, Kim, and Park : Weight distribution of the projections
of these three codes to Zpe , (e ≥ 1).

• Done : Hamming code [8, 4, 5]2∞ , [12, 6, 7]3∞

• Open : Golay code [24, 12, 13]2∞



Codes over Zq

• Zq(q = pe, 1 ≤ e ≤ ∞)

• Linear code C of length n over Zq : Submodule of Zn
q .

• Weight : wt(x), x = (x1, x2, . . . , xn), # nonzero components

• Minimum distance d = d(C) : the smallest weight among
nonzero codewords in C.

• If q is finite, then the weight enumerator of C is
WC(x, y) =

∑n
i=0Aix

n−iyi, where Ai is the number of
codewords of weight i in C.

• (A0, A1, A2, · · · , An) is called the weight distribution of C.



Codes over Zq

• C : code over Zp∞ , Zp∞ : PID, C : free, dimension(C) = rank (C)

• C : code over Zpe . We only consider a free submodule of C.
dimension(C) = rank (C)

• [n, k] code, [n, k, d] code

• G : Generator matrix← generators of C



Lifts of codes

• Zpe :
∑e−1

i=0 aip
i = a0 + a1p+ a2p

2 + a3p
3 + · · ·+ ae−1p

e−1

• Zp∞ :
∑∞

i=0 aip
i = a0 + a1p+ a2p

2 + a3p
3 + . . .

• Ψe : Zp∞ → Zpe : Ψe(
∑∞

i=0 aip
i) =

∑e−1
i=0 aip

i.

• Ψe = Ψf
e : Zpf → Zpe : Ψe(

∑f−1
i=0 aipi) =

∑e−1
i=0 aip

i,

• 1 ≤ e1 < e2 ≤ ∞. A code C1 over Zpe1 lifts to a code C2 over
Zpe2 , denoted by C1 ≺ C2, if C2 has a generator matrix G2 such
that Ψe1(G2) is a generator matrix of C1.

• C : p-adic code, Ce = Ψe(C) is a code over Zpe .
C1 ≺ C2 ≺ · · · ≺ Ce ≺ · · · ≺ C



Self-dual codes

• x · y = x1y1 + · · ·+ xnyn.

• C⊥ = {x ∈ Zn
q | x · y = 0 for all y ∈ C}

• C (self-dual) : C = C⊥.

•

WC(x, y) =

n/2∑
j=0

ci
(
x2 + (pe − 1)y2

)j
(xy − y2)n/2−2j .



Example : 2-adic Hamming code

• x7−1 = (x−1)(x3−ax2+(a−1)x−1)(x3−(a−1)x−ax−1),Zp∞ ,
a = 0 + 2 + 4 + 32 + 128 + 256 + · · · , a2 − a+ 2 = 0.

• [7, 4] cyclic code, x3 + ax2 + (a− 1)x− 1.

• [8, 4, 5] self-dual Hamming code H.

• G =


−1 a− 1 a 1 0 0 0 1
0 −1 a− 1 a 1 0 0 1
0 0 −1 a− 1 a 1 0 1
0 0 0 −1 a− 1 a 1 1

 .

• H1 ≺ H2 ≺ · · · ≺ He ≺ · · · ≺ H

• WHe(x, y) =
∑4

j=0 ci
(
x2 + (2e − 1)y2

)j
(xy − y2)8−2j



2-adic Golay code

• x23 − 1 = (x− 1)π1(x)π2(x),

π1(x) =x11 + ax10 + (a− 3)x9 − 4x8 − (a+ 3)x7 − (2a+ 1)x6

− (2a− 3)x5 − (a− 4)x4 + 4x3 + (a+ 2)x2 + (a− 1)x− 1,

a = 0 + 2 + 8 + 32 + 64 + 128 + · · · , a2 − a+ 6 = 0.

• [23, 12] cyclic code, π1(x).

• [24, 12, 13] self-dual Golay code G.

• G1 ≺ G2 ≺ · · · ≺ Ge ≺ · · · ≺ G



2-adic Golay code

• WG1(x, y) = x24 + 759x16y8 + 2576x12y12 + 759x8y16 + y24

•

WG2(x, y) = x24 + 759x16y8 + 12144x14y10

+ 172592x12y12 + 61824x11y13 + 765072x10y14

+ 1133440x9 y15 + 1239447x8y16 + 4080384x7y17

+ 1445136x6y18 + 4080384x5y19 + 1870176x4y20

+ 1133440x3y21 + 692208x2y22 + 61824xy23 + 28385y24.



2-adic Golay code

• WGe(x, y) =
∑12

j=0 ci
(
x2 + (2e − 1)y2

)j
(xy − y2)24−2j

• 13 unknowns c0, c1, c2, . . . , c12

• (Ae
0, A

e
1, . . . , A

e
24) : Weight distribution of Ge

• d(Ge) = 8, Ae
8 = 759, Ae

9 = 0, for all e.

• Ae
10, A

e
11, A

e
12 : constant for e ≥ N , (N = 7)

• We only have to calculate Ae
10, A

e
11, A

e
12, e = 3, 4, 5, 6, 7



Calculation with Magma function

• “WeightDistribution(Ge)”

WG3 =x
24

+ 759x
16

y
8
+ 12144x

14
y
10

+ 48576x
13

y
11

+ 658352x
12

y
12

+ 3197184x
11

y
13

+ 19418256x
10

y
14

+ 91760064x
9
y
15

+ 353026839x
8
y
16

+ 1172818944x
7
y
17

+ 3191916816x
6
y
18

+ 7043277120x
5
y
19

+ 12350180832x
4
y
20

+ 16437535488x
3
y
21

+ 15712113648x
2
y
22

+ 9555133248xy
23

+ 2788378465y
24

• Running time : WG1 , WG2 , and WG3 : 0.000(sec), 0.983(sec),
14653.704(sec)(≈ four hours)

• We expect that the running time of WG4 is more than two years.



Calculation with Magma function 2

• Ae
10, A

e
11, A

e
12, e = 3, 4, 5, 6, 7

• “NumberOfWords(C,w)”, “PartialWeightDistribution(C, ub)” :
codes over Finite Fields. Not applied for codes over a ring.



Algorithm 1

Computation : Aw

• G = [I|A] for C : [n, k, d] code
• c = a1Gi1 + a2Gi2 + · · ·+ atGit(1 ≤ t ≤ w), (ai 6= 0)



Algorithm 2

Computation : Aw

• G′ = [I, A′], G′′ = [A′′, I] for C : [n, k, d] code, n = 2k,
• c = (c1, c2), wt(c) = w
⇒ wt(c1) ≤ w/2 or wt(c2) < w/2

• (GNW)
c′ = a1G

′
i1

+ a2G
′
i2

+ · · ·+ atG
′
it

(1 ≤ t ≤ w/2), (ai 6= 0)
c′′ = a1G

′′
i1

+ a2G
′′
i2

+ · · ·+ atG
′′
it

(1 ≤ t < w/2), (ai 6= 0)



Algorithm 3
Computation : Aw

• G′ = [I, A′], G′′ = [A′′, I] for C : [n, k, d] code, n = 2k,
• c′ = (c′1, c

′
2)⇒ wt(c′1) = t, wt(c′2) = w − t

• c′′ = (c′′1 , c
′′
2)⇒ wt(c′′1) = w − t, wt(c′′2) = t

• Aw : count codewords of weight w − t

c′2 = a1A
′
i1 + a2A

′
i2 + · · ·+ atA

′
it(1 ≤ t ≤ w/2), (ai 6= 0)

c′′2 = a1A
′′
i1 + a2A

′′
i2 + · · ·+ atA

′′
it(1 ≤ t < w/2), (ai 6= 0)

• Number of calculation for Ge : [24, 12, 8] over Z2e∑
1≤t≤w/2

(
12

t

)
(2e − 1)t +

∑
1≤t<w/2

(
12

t

)
(2e − 1)t.

• If e = 7 and w = 12 then 2et is 242.
• For w = 8, the running times of e = 1, 2, 3, 4 are

0.016, 0.609, 17.109, 340.344 seconds, respectively.
• It is computationally impossible to calculate the number of

codewords of weight 12 in WG7 .



Our Method
• c′2 = a1A

′
i1

+ a2A
′
i2

+ · · ·+ atA
′
it
, wt(c′2) = w − t,

• ⇒ Number of zero’s of c′2 : k − (w − t)
• M = (mij) whose rows are A′i1, A

′
i2, . . . , A

′
it.

• For i = 1, 2, . . . , k, we define

Z ′i = {(x1, x2, . . . , xt) ∈ (Zpe−{0})t|m′1ix1+m′2ix2+· · ·+m′tixt = 0},

•

f(A′, {i1, i2, . . . , it}) =
∑

I⊆{1,2,...,k},|I|=k−(w−t)

∣∣∣∣ ⋂
j∈I

Z ′j −
⋃
j /∈I

Z ′j

∣∣∣∣.
• ∑

1≤t≤w/2

∑
{i1,i2,...,it}∈LC(A′,t)

f(A′, {i1, i2, . . . , it})

+
∑

1≤t<w/2

∑
{i1,i2,...,it}∈LC(A′′,t)

f(A′′, {i1, i2, . . . , it}).



Result

Table : Ae
w

e = 1 e = 2 e = 3 e = 4 e = 5 e = 6 e = 7

w = 8 759 759 759 759 759 759 759
w = 9 0 0 0 0 0 0 0
w = 10 0 12144 12144 12144 12144 12144 12144
w = 11 0 0 48576 48576 48576 48576 48576
w = 12 2576 172592 658352 1629872 2504240 3281456 3281456

• PC with 2.3GHz and 3.00GB RAM.(Magma)
• The running time for e = 7 with w = 8, 9, 10, 11, 12 are

15, 27, 43, 60, 135 seconds, respectively.
• We can quickly calculate

⋂
j∈I Z

′
j since we can view

⋂
j∈I Z

′
j as

a homogeneous system of linear equations with |I| equations
and t unknowns.



Example

• H2, A2
4

• G =


3 1 2 1 0 0 0 1
0 3 1 2 1 0 0 1
0 0 3 1 2 1 0 1
0 0 0 3 1 2 1 1

 .

• G′ = (I, A′), G′′ = (A′′, I),

A′ =


3 1 2 1
2 1 1 3
1 1 3 2
3 2 3 3

 , A′′ =


1 2 3 1
3 3 3 2
2 3 1 1
3 1 2 1

 .

•

A2
4 =

∑
t=1,2

∑
{i1,i2,...,it}∈LC(A′,t)

f(A′, {i1, i2, . . . , it})

+
∑
t=1

∑
{i1,i2,...,it}∈LC(A′′,t)

f(A′′, {i1, i2, . . . , it}).



Example

• The first part :∑
t=1

∑
{i1,i2,...,it}∈LC(A′,t)

f(A′, {i1, i2, . . . , it}),

• The second part :∑
t=2

∑
{i1,i2,...,it}∈LC(A′,t)

f(A′, {i1, i2, . . . , it}),

• The third part :∑
t=1

∑
{i1,i2,...,it}∈LC(A′′,t)

f(A′′, {i1, i2, . . . , it}).



Example : The first part
• ∑

{i1}∈LC(A′,1)

f(A′, {i1})

= f(A′, {r1}) + f(A′, {r2}) + f(A′, {r3}) + f(A′, {r4}).

• f(A′, {r1}) : M ′ =
(
3 1 2 1

)
•

Z ′1 = {(x1) ∈ (Z4 − {0})|m′11x1 = 0}
= {(x1) ∈ (Z4 − {0})|3x1 = 0} = φ.

Z ′2 = {(x1) ∈ (Z4 − {0})|m′12x1 = 0}
= {(x1) ∈ (Z4 − {0})|x1 = 0} = φ.

Z ′3 = {(x1) ∈ (Z4 − {0})|m′13x1 = 0}
= {(x1) ∈ (Z4 − {0})|2x1 = 0} = {2}.

Z ′4 = {(x1) ∈ (Z4 − {0})|m′14x1 = 0}
= {(x1) ∈ (Z4 − {0})|x1 = 0} = φ.



Example : The first part

•

f(A′, {r1}) =
∑

I⊆{1,2,3,4},|I|=1

∣∣∣∣ ⋂
j∈I

Z ′j −
⋃
j /∈I

Z ′j

∣∣∣∣
=

∣∣∣∣Z ′1 − ⋃
j∈{2,3,4}

Z ′j

∣∣∣∣+

∣∣∣∣Z ′2 − ⋃
j∈{1,3,4}

Z ′j

∣∣∣∣
+

∣∣∣∣Z ′3 − ⋃
j∈{1,2,4}

Z ′j

∣∣∣∣+

∣∣∣∣Z ′4 − ⋃
j∈{1,2,3}

Z ′j

∣∣∣∣
= 0 + 0 + 1 + 0 = 1.

•
f(A′, {r2}) = f(A′, {r3}) = f(A′, {r4}) = 1.

• ∑
{i1}∈LC(A′,1)

f(A′, {i1}) = 4.



Example : The second part
• ∑

{i1,i2}∈LC(A′,t)

f(A′, {i1, i2})

= f(A′, {r1, r2}) + f(A′, {r1, r3}) + f(A′, {r1, r4})
+ f(A′, {r2, r3}) + f(A′, {r2, r4}) + f(A′, {r3, r4}).

• M ′ =

(
3 1 2 1
2 1 1 3

)
•

Z ′1 = {(x1, x2) ∈ (Z4 − {0})2|m′11x1 +m′21x2 = 0}
= {(x1, x2) ∈ (Z4 − {0})2|3x1 + 2x2 = 0}
= {(2, 1), (2, 3)}

•

Z ′2 = {(x1, x2) ∈ (Z4 − {0})2|m′12x1 +m′22x2 = 0}
= {(x1, x2) ∈ (Z4 − {0})2|x1 + x2 = 0}
= {(1, 3), (2, 2), (3, 1)}.



Example : The second part
• Z ′3 = {(1, 2), (3, 2)}, Z ′4 = {(1, 1), (2, 2), (3, 3)}
•

f(A′,{r1, r2}) =
∑

I⊆{1,2,3,4},|I|=2

∣∣∣∣ ⋂
j∈I

Z ′j −
⋃
j /∈I

Z ′j

∣∣∣∣
= |Z ′1 ∩ Z ′2 − Z ′3 ∪ Z ′4|+ |Z ′1 ∩ Z ′3 − Z ′2 ∪ Z ′4|
+ |Z ′1 ∩ Z ′4 − Z ′2 ∪ Z ′3|+ |Z ′2 ∩ Z ′3 − Z ′1 ∪ Z ′4|
+ |Z ′2 ∩ Z ′4 − Z ′1 ∪ Z ′3|+ |Z ′3 ∩ Z ′4 − Z ′1 ∪ Z ′2|
= 0 + 0 + 0 + 0 + 1 + 0 = 1.

•

f(A′, {r1, r3}) = f(A′, {r1, r4}) = f(A′, {r2, r3})
= f(A′, {r2, r4}) = f(A′, {r3, r4}) = 1.

• ∑
{i1,i2}∈LC(A′,2)

f(A′, {i1, i2}) = 6.



Example : The third part

• The third part calculation is similar to the first part.
• ∑

{i1}∈LC(A′′,1)

f(A′′, {i1}) = 4.

• In summary, we have A2
4 = 4 + 6 + 4 = 14.
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Thank you very much for your attention.


