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Introduction

Calderbank and Sloane : Codes over Z, — Zye — Zp

Hamming code [8, 4, 5]2-, Golay code [24, 12, 13], [12,6, 7]3 :
Self-dual and MDS.

Dougherty, Kim, and Park : Weight distribution of the projections
of these three codes t0 Z,., (e > 1).

Done : Hamming code [8, 4, 5], [12, 6, 7]z

Open : Golay code [24,12, 13]3



Codes over Z,

Z’I(q:pe71 S € S OO)
Linear code C of length n over Z, : Submodule of Zj .
Weight : wt(x), x = (21,22, ...,2,), # nonzero components

Minimum distance d = d(C) : the smallest weight among
nonzero codewords in C.

If ¢ is finite, then the weight enumerator of C is
We(z,y) = Y iy Aiz™ 'y, where A, is the number of
codewords of weight ¢ in C

(Ao, A1, Ag, -+ , A, is called the weight distribution of C.



Codes over Z,

C : code over Zy, Z,~ : PID, C : free, dimension(C) = rank (C)

C : code over Z,.. We only consider a free submodule of C.
dimension(C) = rank (C)

[n, k] code, [n, k, d] code

G : Generator matrix < generators of C



Lifts of codes

Lpe Zz:ol a;ip' = ao + a1p + azp® + azp® + - -+ + ae_1p°!

L = Y2 g aip’ = ag + a1p + agp® + azp® + ...
We: Zpse = Lpe : V(32 gaip’) = Zz o aip".
U, = \I/(J; 2Ly —> Lpe : (Zl 0 GZPZ) = Zz 0 ap’,

1 <e; <ey < oco. Acode Cy over Z,e liftsto a code C, over
Zpe, denoted by Cy < Cs, if Cy has a generator matrix G such
that ¥, (G>) is a generator matrix of C.

C' : p-adic code, C°® = ¥.(C) is a code over Zj-.
Cl<C?<..-.<0C°<---<C



Self-dual codes

Ct={xeZ}|x-y=0forally €C}

C (self-dual) : C = C*.



Example : 2-adic Hamming code

e 2" —1=(x—1)(2—ar®+(a—1)x— 1)(x —(a—1)z—ax—1), Ly~

a=0+2+4+32+128+256+ -,a> —a+2=0.

e [7,4] cyclic code, z® + az? + (a — 1)z — 1.

[8, 4, 5] self-dual Hamming code H.

-1 a-1 a 1 0 0 0 1
.« G- 0 -1 a-1 a 1 0 0 1
0 0 -1 a-1 a 1 0 1
0 0 0 -1 a—-1 a 1 1

H' <H>P < <HE< - <H

Wi (z,y) = S0 e (€% + (25 = 1)y?) (ay —y?)> ¥



2-adic Golay code

o 22 — 1= (z— 1)m(2)ma(x),

71 (z) =zt + az'® 4 (a — 3)2 — 42° — (a 4+ 3)z" — (2a + 1)2"
—(2a —3)2° — (a —4)a* + 423 + (a + 2)2* + (a — )z — 1,

a=04+2+8432+64+1284---,a°—a+6=0.
e [23,12] cyclic code, m ().
e [24,12,13] self-dual Golay code G.

e Gl <G < =<G°<-- =G



2-adic Golay code

o Wgi(z,y) = 2% + 759216y8 + 2576212912 4 75928y16 + 24

[ )
W (z,y) = 22 4+ 75920y® + 12144214y "0
+ 17259222912 4 618242 1 y'3 4 765072210414
+11334402° y*° + 123944728y 4 408038427 y'”

+ 14451362598 + 40803842°y ' + 1870176x4y>°
+ 1133440235 + 6922082252 + 61824y + 28385y,



2-adic Golay code

Wae (z,y) = Y120 ¢ (22 + (2° = 1)y?)” (ay — y?) 2%
13 unknowns cg, ¢1,ca, ..., c12

(A§, AS, ..., AS,) - Weight distribution of G°

d(Ge) =8, A =759, AS = 0, for all e.

ASy, Afy, AS, s constantfore > N, (N =7)

We only have to calculate AS, AS,, ASy, e = 3,4,5,6,7



Calculation with Magma function

» “WeightDistribution(G¢)”

Wos =2°* + 7592'%y® + 12144240 + 485762 "%y ! + 6583522 %y"? + 31971842y
+ 194182563 %y ** + 917600642° y'° + 3530268392°y'® + 117281894427 y'”
+31919168162°y*® + 70432771202°y'° + 1235018083224 42" + 16437535488z y>!

+1571211364822y%2 + 95551332482y>° + 2788378465y

e Running time : Wg1, Wg=, and Wgs : 0.000(sec), 0.983(sec),
14653.704(sec)(~ four hours)

o We expect that the running time of Wg. is more than two years.



Calculation with Magma function 2

o Af), AS,, ASy, e =3,4,5,6,7

e “NumberOfWords(C, w)”, “PartialWeightDistribution(C, ub)” :
codes over Finite Fields. Not applied for codes over a ring.



Algorithm 1

Computation : A,
e G =[I|A]for C: [n,k,d] code
o c=a1Gy, +a2Gyiy, + -+ a:Gy, (1 <t <w), (a; #0)



Algorithm 2

Computation : A,
o G'=[1,A"], G" =[A" I]for C : [n,k,d] code, n = 2k,
o c=(cy,c), wt(c) =w
= wt(c1) < w/2 or wt(ey) < w/2
o (GNW)
d =aG) + G, + -+ a, G (1 <t <w/2), (a; #0)
" =a1GY +axGY, + -+ aG (1 <t <w/2),(a; #0)



Algorithm 3

Computation : A,

G' =[I,A,G" =[A",I]for C : [n,k,d] code, n = 2k,
d = (d),cy) = wt(c)) =t,wt(ch) =w—t
"= (c,cd) = wt(c]) =w —t,wt(c) =t
Ay, : count codewords of weight w — ¢
¢y = a1 A} +axAj, + -+ a A} (1 <t <w/2),(a; #0)
dy = a1 A + agAj 4+ -+ aAf (1 <t <w/2),(a; #0)
Number of calculation for G¢ : [24,12, 8] over Zs-

12 . ¢ 12 . ‘
> <t>(2 D+ <t>(2 1),
1<t<w/2 1<t<w/2
If e =7 and w = 12 then 2¢ is 242,
For w = &, the running times of e = 1,2, 3,4 are
0.016,0.609, 17.109, 340.344 seconds, respectively.

It is computationally impossible to calculate the number of
codewords of weight 12 in Wgr.



Our Method

ch = a1A§1 + agAgz 4+ .+ atA;t,wt(c’z) =w —t,
= Number of zero’s of ¢, : k — (w —t)
M = (m;;) whose rows are A}, Al,, ..., Al,.

(3
Fori=1,2,..., k, we define

Zi ={(x1,22,...,11) € (Zpe—{0})"|mz1+myza+- - -+myay = 0},

A ivyig, i) = 3

IC{1,2,00 k| I|=k—(w—1)

Nz-Uz

JeI J¢l

> > FA {iryin, .. ic))

1<t<w/2 {i1,i2,...,i+ }ELC(A’,t)

p> S @ {ivia i),

1<t<w/2 {i1,ia,...,it }ELC(A" t)



Result

Table : AS,
“e:l[e:? [e:3 [e:4 [625 [626 [e:?
w =28 759 759 759 759 759 759 759
w=9 0 0 0 0 0 0 0
w = 10 0 12144 12144 12144 12144 12144 12144
w =11 0 0 48576 48576 48576 48576 48576
w =12 2576 172592 | 658352 1629872 | 2504240 | 3281456 | 3281456

PC with 2.3GHz and 3.00GB RAM.(Magma)
The running time for e = 7 with w = 8,9,10,11,12 are
15,27,43, 60, 135 seconds, respectively.
We can quickly calculate (1, Z; since we can view (;.; Z; as
a homogeneous system of linear equations with |I| equations

and ¢ unknowns.




Example

H?, A2

3121000 1
G_03121001
“100 31 210 1

00031211
G =(1,4),G" = (A" 1),

31 2 1 1 2 3 1
|21 13 s |3 3 3 2
A_1132’A_2311

3 2 3 3 31 2 1

A= > FA {inia, .

t=1,2 {iy,i2,...,is }€LC(A’,t)

* >

t=1 {iy,i2,...,i }ELC (A" t)

f(A//, {i17i27 ..

i)
S0}



Example

o The first part :

> > FA {iy,ia, ..., id}),

t=1 {iy,iz,...,is }ELC(A’ t)

e The second part :

> > FA {in i, . ic)),

t=2 {iy,in,...,it }ELO(A’,t)

e The third part :

> > A i, i),

t=1 {’il,iz,...,it}ELC(A,,,t)



Example : The first part

)

{i1}eLC(A’,1)

= f(A" {r}) + f(A {r2}) + f(A' {rs}) + f(A" {ra}).

(A" {ir})

o fA{n}) M =(3 1 2 1)

7, =

Zy

{(z1) € (Z4 — {0})|m} 21 = 0}
{(z1) € (Zs — {0})[321 = 0} = ¢.
{(z1) € (Zy — {0})|m}pz1 = 0}
{(z1) € (Zs — {0})|z1 = 0} = ¢.
{(z1) € (Z4 — {0})|m}z21 = 0}
{(z1) € (Za — {0})|221 = 0} = {2}.
{(z1) € (Zy — {0})|m}yz1 = 0}
{(z1) € (Zs — {0})|z1 = 0} = &.



Example : The first part

A=Y Nz -7

1C{1,2,3,4},|I|=1"jeI Jgr

=\zi- U z|+\z- U 7
je{2,3,4} je{1,3,4}

+ |74 - LJ Z| + |24 - LJ Z
jE{1,2,4) j€{1,2,3}

—04+0+1+0=1.

FA Ara}) = f(A {rs}) = fA {ra}) = 1.

S AL ) =4

{in}eLC(A’,1)




Example : The second part

Z f(A/ﬂ{ileé})

{i1,i2}ELC (A’ t)
= f(A/7 {T1’T2}) + f(A/v {T17T3}) + f(Alv {T17T4})
+ f(A/’ {7“2,7“3}) + f(Alv {r2v T4}) + f(A/a {T37T4})'
, (3 1 2 1
© M= (2 11 3)

{(1,22) € (Zs = {0})*|miy 21 + miy 2 = 0}
{(xl,xz) (Zs —{0})?|321 + 222 = 0}
{(2,1),(2,3)}

{(21,22) € (Zs — {0})*[mipz1 + mipws = 0}
{(21,22) € (Zs = {0})*[a1 + 22 = 0}
{1, ) (2,2),3, 1)}



Example : The second part
® Zé = {(1, 2>7 (37 2)}, Zzll = {(17 1)7 (27 2)7 (37 3)}

FA {1, ma}) = >

I1c{1,2,3,4},[1|=2

Nz-Uz
Jjel Jj¢r
=|Z\NZy—Z, U Zy| +|Zy N Z5 — Z5 U Z)]
+|ZiNZy— Z5 U Zs| + | 25N Z5 — Z U Z)|
+125NZy — 21V Z3| + | 25N Z — Z1 U Z3)
=0+0+0+0+14+0=1.

f(A/’ {T17T3}) = f(Al, {T1,7“4}) = f(A,7 {7“2,7“3})
= f(AI7 {Tg,?“4}) = f(A/a {T3’T4}) =1

Z f(A/v {ila 7'2}) = 6.

{i1,32}€LC(A’,2)



Example : The third part

e The third part calculation is similar to the first part.

Z f(Allv {Zl}) =4

{i1}eLC(A",1)

e In summary, we have A2 =4+ 6 + 4 = 14.
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Thank you very much for your attention.



